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ABSTRACT

Thi s paper devel ops a nodel of snmall business failure and sal e
that is notivated by recent evidence from the small business
sector. The evidence consists of findings concerning how the
failure and sale of businesses vary with the age of the business
and with the tenure of the manager. This evidence notivates two
key features of the nodel, the first being a match between the
manager and the business, the second being characteristics of
busi nesses that survive beyond the current match. The parameters
of the nodel are estimated, and the properties of this parametric
nodel are studied. This analysis results in a sinple characteriza-
tion of the workings of the small business sector.
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1. Introduction

Thi s paper devel ops a nodel of snall business failure and sal e
that is nmotivated by recent evidence from the small business
sector. The paraneters of the nodel are then estimted, and the
properties of this paranetric nodel are studied. This analysis
results in a sinple characterization of the workings of the snall
busi ness sector.

The evidence that inspired the nodel below consists of
findings concerning how the failure and sale of small businesses
vary with the age of the business and with the tenure of the
current manager of the business (see Holnes and Schmtz 1993). Two
findings are of particular note in notivating the form of the
nodel . First, examning small businesses of the sane age, the
probability that a business fails, and the probability that a
business is sold, are both initially decreasing in the tenure of
t he manager at the business. At sone point, the discontinuance
rates begin to increase in tenure. Hence, the probability of a job
separation by the business manager, which occurs if the business is
di scontinued or sold, is initially decreasing in the tenure at the
job (holding fixed the age of the job). Second, exam ning busi-
nesses whose managers have the sane tenure at their business, the
probability that a business fails is decreasing in the age of the
busi ness.

The first finding, that job separations are negatively rel ated

to job tenure, has been docunented many tines in other contexts.



A natural way to capture this phenonenon in a nodel is by introduc-
ing the concept of a job “match.” This has been done by, anong
ot hers, Jovanovic (1979). W followin this tradition by assum ng
that there is sone underlying nmatch between each business and each
manager . The second finding, that business age is related to
busi ness failure and business sale even after controlling for
manageri al tenure, suggests that there is nore to the business, or
job, than how well the individual is suited to the job. |t
indicates that there are characteristics of businesses that are
separate from managers. One such characteristic is the |ocation of
the business. W incorporate this into the nodel by assum ng that,
in addition to the match between the business and nmanager, each
busi ness has a quality that is independent of the manager that is
operating the business.

Briefly, the nodel works as follows. Individuals enter the
econony each period by either starting or purchasing a business.
I f they start a business, they draw a business quality and a match
to that business. If they purchase a business, only the match
needs to be determ ned. Business quality has already been deter-
m ned for such a business. In each period after acquiring the
busi ness, the individual decides to manage the business or to
separate fromthe business. |[If a separation occurs, the individual
ei ther discontinues or sells the business.

The paraneters of the nodel are estimated with data drawn from
the Characteristics of Business Omers survey. This sur-

vey—described in the next section—was a survey of the small



busi ness sector. The estimation techni ques enpl oyed below are in
the spirit of Pakes (1986), anong others (see Eckstein and Wl pin
1989 for a survey of these nethods and for other references).

The characterization of the small business sector inplied by
the estimated nodel is as follows. The probability of starting a
“good” business is snall. Those individuals that continue to
manage a business they have started, therefore, typically do so
because they have “good” natches. Those individuals wth bad
mat ches quickly | eave their business, nost often by closing the
busi ness, but sonetines by selling the business, particularly if
the business is high quality. For these high quality businesses,
there is a “high” return to finding an individual that is a good
match to the business. Businesses that have been sold tend to be
of higher quality than busi nesses that have not been sold. Because
there is a high return to finding owers that are good matches for
good busi nesses, and because new owners are just as likely to have
bad mat ches as previous owners, the nodel inplies that businesses
that are sold have hi gher subsequent sales rates than do busi nesses
t hat have not been sol d.

Turning to related research, this paper is nost closely
associ ated with those papers that have constructed nodels of the
evol ution of business popul ations. Anbng these papers are those
devel oped by Jovanovic (1982), Pakes and Ericson (1988), and
Hopenhayn (1992). Each of these papers has sought to devel op
sinple characterizations about the workings of a particular

busi ness popul ation. An inportant distinction between the nodel s



presented in these papers and that devel oped belowis that in these
papers businesses have only a single quality dinmension. In the
model presented bel ow, businesses have two quality dinensions.
Bot h these dinension are notivated by the evidence nentioned above.

G ven the central role that this recent evidence plays in
nmotivating the nodel, it is worthwhile discussing in what sense the
evidence is new W keep this discussion brief since these issues
are addressed in Holnmes and Schmtz (1993). In the industrial
organi zation literature there are a nunber of studies that exam ne
the rel ationshi p between busi ness turnover and busi ness age (see,
for exanple, Dunne, Roberts and Samuel son 1989, Evans 1989, and
Pakes and Ericson 1988). Seldom if ever, do these studies have
informati on on the tenure of the nmanager of the business.

In the | abor economcs literature nmeasures of job tenure are
readi |y avail abl e. It has |long been recognized that there is a
negati ve cross-sectional relationship between job tenure and job
separ ati ons. It has also been known that to interpret these
findings as evidence of a matching process between workers and j obs
(or sonme other process that is specific to the worker and job)
requi res sone care. For exanple, the cross-sectional relationship
may be due to a heterogeneous popul ation where people differ by
their propensity to stay at a job. There is another type of
het erogeneity, one not tied to the individual. Jobs or positions
may differ in quality. Sone jobs may have a greater propensity to
survive because, for exanple, firns have different survival

probabilities. Because of this, proxies have been sought for



i ndi vidual and job heterogeneity. VWhat is different about the
evi dence presented belowis that there is direct information on the
job itself, that is, on the age of the job (or, the age of the
smal | busi ness).

The remai nder of the paper proceeds as follows. In the next
section we review the evidence that notivates the nodel. W do
this by introducing the Characteristics of Business Owmers survey
and by describing sone of the results from Holnmes and Schmtz
(1993). The nodel is introduced in Section 3. Section 4 contains
sonme analysis of the nodel. The estimation of the nodel is
presented in Section 5. The sinple characterization of the
workings of the small business sector that is inplied by the

estimated nodel is developed in Section 6.

2. The Characteristics of Business Owers Survey

The 1982 Characteristics of Business Owmers (CBO survey was
a Census Bureau survey drawn fromthe universe of “small” business
tax returns filed in 1982. These tax returns include proprietor-
shi p, partnership and subchapter-S corporation tax returns. I n
this universe of small businesses, the owner of the business is
typically the manager of the business as well. 1ndeed, 80 percent
of the businesses have no enpl oyees. Hence, in this paper we
assune that the owner and manager are the sane person, and use the
ternms interchangeably. The survey consisted of 25 questions. Sone
guestions pertained to the business (such as its age), sone to the

manager (such as his or her age). W have used this survey to



docunent patterns of business turnover in this population. This
research is presented in Holnmes and Schmtz (1993). In this
section we highlight sone of the results fromthis research.

When constructing the CBO survey, the Census drew sanples from
five different subpopul ations of the popul ation of business tax
returns corresponding to five different denographic groups (wonen,
bl acks, hispanics, other mnority, and nonmnority white nmale). As
di scussed in Holnmes and Schmtz (1993), the turnover patterns
across these groups are remarkably simlar. W focus here on the
nonmnority white male sanple since it represents by far the
| argest underlyi ng universe of businesses.

The CBO survey included a nunber of retrospective questions
which allow us to construct histories of businesses and managers as
of 1982. In particular, we can classify each business into one of
27 categories defined by the age of the business, the tenure of the
manager at the business, and the founder status of the nanager,
that is, whether the manager had started the business or not.
These 27 categories are given in Table 1A The survey groups
busi nesses into one of six business age (as of 1982) categories:
0O years, 1-2 years, 3-6 years, 7-12 years, 13-22 years, and 23+
years. Tenure of the nanager at each business is grouped into the
same year groupings as business age: o, 1-2, 3-6, 7-12, 13-22
23+. Note that the tenure of a founder of a business is equal to
the age of the business. Fromthe survey we know that the vast
maj ority of nonfounders acquired their businesses by purchasing the

busi ness (rather than through inheritance, for exanple). Finally,



| et us enphasi ze that the groupings in Table 1A are the groupings
whi ch appeared on the survey instrunment; we had no choice in how to
group years.'?

Tabl e 1A provides the distribution of the 15,737 observations
in the nonmnority male sanple over the 27 categories. Note that
only a small fraction of recently established firns are, not
surprisingly, nonfounder firns. However, about one-half of all
firms that are 23 years of age or ol der are nonfounder firns.

Because the CBO survey about the 1982 business was nmailed in
1986, and because there was a question about the status of the
business in 1986, we are able to classify each business into one of
t hree business turnover categories. W classify a business as
“di scontinued” if the business is no |onger operating as of the
survey date in md-1986. Those businesses that are operating are
classified into one of two groups. A business is classified as
“kept” if the individual who owned the business in 1982 still owns
t he business as of the survey date. A business is classified as
“sold” if the business is under different ownership as of the
survey date. Tables 1B and 1C report the proportion of firnms in

each cell of Table 1A that were discontinued and sold, respective-

The actual survey question regardi ng busi ness age asked “what

year was the business established?” The choices were 1982,
1980-82, 1976-79, and so on. These year established groupings
correspond to businesses of age 0, 1-2, 3-6, and so on. The

guestion regarding managerial tenure asked “Wat year did you
acqui re the business?” The choices were the sane as those for the
year established question, that is, 1982, 1980-82, and so on.
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ly.? Note that sone busi ness age and nmnagerial tenure categories
in Table 1A have been conbined in Tables 1B and 1C to satisfy
Census Bureau discl osure requirenents.

W have a nunber of points to nmake about Tables 1B and 1C
First, examning snmall businesses of the sane age, the probability
that the business fails, and the probability that the business is
sold, are both initially decreasing in the tenure of the nanager at
t he business (here we are exam ni ng nonfounders, reading fromleft
toright in a rowof Table 1B or 1C). At sone point, the discon-
tinuance rate begins to increase in tenure. This sanme pattern
holds as we vary the tenure of founders (here we are readi ng down
the first colum in Table 1B). Second, exam ning busi nesses whose
managers have the sane tenure at their business, the probability
that the business fails is typically decreasing in the age of the
busi ness (here we are agai n exam ni ng nonfounders, reading fromtop
to bottomin a colum of Table 1B). The largest drop in failure
rates occurs “early.” There are two “transitions” in which this
pattern does not hold (here the increases in failure rates are
slight, from17 to 19 in one case, from9 to 10 in the other). As
mentioned in the introduction, these two patterns suggest con-
structing a nodel with two di nensi ons over which selection occurs:

a match dinmension and a business quality dinension.

’These tables, and all the analysis that follows, do not use
the sanple weights (the data was stratified by industry and state).
For all the tables we have constructed of the sort of Tables 1B and
1C, and in all the nodel estimates that we have calculated, it mde
virtually no difference whether the sanpling weights were used or
not .



Finally, we nmention two nore patterns in the tables that w ||
be discussed frequently bel ow. Exam ning businesses of the sane
age, busi nesses owned by nonfounders with 0-2 years of tenure have
hi gher di sconti nuance rates than busi nesses owned by their found-
ers, except for the very ol dest businesses (those of 23+ years).
For exanple, 59 percent of the youngest firns owned by nonfounders
were closed as conpared to 46 percent for businesses owned by
founders. For businesses 3-6 years old, the figures are 38 and 26
percent. The second pattern we note is that a simlar relationship
hol ds for sale rates as can be seen in Table 1C. For the very
youngest businesses, nonfounders have sale rates of 7 percent,
founders 3 percent.

In Holmes and Schmtz (1993), we docunent the statistica
significance and robustness of these patterns. W find that the
sanme patterns hold in anal ogous cross tabulations for the other
four denographi c panels (each denographi ¢ panel has approxi mately
the sane nunber of observations). The patterns also hold in
regression analysis where we control for a nunber of factors, such
as industry, business size, and characteristics of the nmanager,
i ncl udi ng age, education, denographic group, and previous business

owner shi p experience.

3. The Mbdel
The nodel is an overlapping generations econony in which
individuals are infinitely lived. Each period a new cohort of

i ndividual s of age zero enters the econony. Individuals initially



enter the “business” sector of the econony. A fraction e of those
entering the sector start a new business; the remaining fraction,
1 ' e, enter by purchasing a business. For now, think of e as
det erm ned exogenously. After an initial period in the business
sector, individuals decide each period whether to stay in that
sector or to | eave (permanently) to pursue an outside option.

| ndi vidual s are endowed with a unit of |abor each period. As
mentioned, during their initial period in the econony individuals
must use the endownent to manage their business. This nmanagenent
process yields output. Followng this initial period, at age one,
t he person can use their | abor endowrent in one of two ways. The
person can once again nmanage the business or instead pursue an
outside option. If the person pursues the outside option then the
i ndi vidual works at that task in all future periods. If the
outside option is pursued, the person either discontinues or sells
t he busi ness (depending on its value). If the person chooses to
stay in the business sector at age one, then at age two the person
again has two choices: nmanage the business or pursue the outside
option, |eaving the business sector for good. The person continues
to face this choice as long as he remains in the business sector.

As will be nade clear below, the only market that operates at
each date is the nmarket for businesses. In this nmarket, the demand
for businesses arises fromthose individuals entering the econony
t hat purchase businesses. The supply of businesses arises from
those persons, age one and greater, who decide to pursue the

outside option at that date.
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A.  Specifics of the Mdel

We begin by describing the output produced if a business is
managed. If a person uses their |abor endowrent to manage a
business in period t, then output g, is the sumof a “match” quality
conponent gV and a “business” quality conponent qgf that is, g, = qV
+ 2. The match quality conmponent qY is specific to a particular
i ndi vidual running a particular business; if another individua
were to manage the business he would have a different g On the
ot her hand, the business quality conponent g2 is the sanme regard-
| ess of who nmanages the business. Geenwald (1979) and Jovanovic
(1982b) have consi dered technol ogi es with an anal ogous deconposi -
tion of productivity.

Most previ ous anal yses of selection have assuned that under-
lying quality is fixed but unknown to the individual. The individ-
ual learns about quality through tinme by observing output. For
exanpl e, in Jovanovic (1982a), qY represents the assessnent of
underlying match quality; it varies through tine as the prior
distribution on the variable is updated. W enploy a technically
sinpler device in this paper. W assune that quality (both match
and business) is known to all. However, we assune that there are
tenporary shocks to both match and business quality so that these
vari abl es change through tinme. These tenporary shocks insure that
the sel ection process occurs gradually over tine.

More formally, match quality g is assumed to be the sumof a
per manent conponent g and a transi ent conponent X,, so that g¥ = p

+ X,. Simlarly, business quality g2 is the sum of a pernanent
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component $ and a transient conponent y,, so that g2 = $ + vy,.
Hence, we can wite total output as the sumqg, = (p+x,) + ($+y,).
We next descri be how each of these four conponents is determ ned.

The pernmanent match conponent p is determ ned when an individ-
ual becones the owner of a business. Hence, a permanent match is
determ ned when a business is started and each tine a business is
purchased by a new owner. For sinplicity it is assuned that pu
takes on two values, py, (low) and p, (high), with y < p,. Let 8
denote the probability of drawing a good match. In sonme versions
of the nodel we assune that the probability of drawing a good match
depends on whether the business is being started or purchased. For
t hese cases, we let 8, denote the probability that an individua
purchasi ng a business (a “nonfounder”) draws p, Anal ogously, |et
8 denote the probability that a person starting a business (a
“founder”) draws W,

Per manent business quality $ is determ ned when a business is
established. For sinplicity we assune that $ takes on two val ues,
$ (low and $, (high), with $ < $, Let > denote the probability
an individual starting a business draws a good busi ness.

In some versions of the nodel we assune that the probability
of drawing $, depends on the p that the founder draws. For these
cases, we let >, be denote the probability of drawing a good busi -
ness $, conditi oned upon draw ng per manent nmatch p.

G ven these conventions, it is easy to calculate the probabil -

ity that a founder draws nmatch p and business quality $: letting
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N, denote this probability, we have N, = 8>,, Nus, = (1!8f)>,, and
so forth

The tenporary match and business quality variables, x, and y,,
are assuned to be continuous randomvariables with infinite support
('4,4). Let f(i) be the continuous density and F(i the distribution
function for x,, and define g(f) and ) simlarly for vy,. (']
assune both variabl es have a nean equal to zero. Each variable is
di stributed i ndependently over tinme within a given business; each
variable is also distributed i ndependently across busi nesses at a
point intinme. Finally, x, and y, are distributed i ndependently of
each other. A sinple exanple of a low realization of x, would be
the foll ow ng. Suppose a manager's hone situation changes in such
a way that he desires to be hone nore frequently. Perhaps his
spouse has becone sick. If his business is one where he nust
travel often, and can not be operated out of the hone, then the
manager is tenporarily a bad match with his business. However, the
bad match is transient because the spouse is expected to recover
next period. A lowrealization of y, would occur if road construc-
tion made access by consuners to the business tenporarily diffi-
cult.

Note that since the random variables x and y have infinite
support, output in any period can be negative. Hence, we interpret
the return to managi ng a busi ness as including both physical units
of the consunption good as well as the utility (or disutility)
derived from managi ng the business. Returning to the above exanple

where a manager's spouse had becone sick, if the nmanager were to
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operate the business in the period that the spouse was sick, the
manager would face additional stress which corresponds in this
setup to a |l ow X,

The only alternative to managi ng a business is to pursue the
outside opportunity. |If the person chooses to | eave the business
sector at any age, age one or greater, then the person receives
output of wthat period (and in all subsequent periods as well).

Bef ore proceeding we digress briefly to discuss the issue of
entrepreneurial ability. As it stands now, ability is suppressed
in the nodel. One way to add entrepreneurial ability is as
follows. Let O index ability, with larger O's meaning nore ability.
Suppose ability has an *“additive” effect in both the business
sector and in the outside option, that is, assune output is g, = M
+ %X +$+y, +0and that the return in the outside option is w +
0. Adding ability in this manner, in which ability adds equally
to the return in the current business and the outside option, does
not change any of the anal ysis bel ow.

A nore general point that this discussion highlights is that
there is an asymmetry between individuals and businesses. Bot h
busi nesses and i ndi vi dual s have characteristics that survive beyond
a current match. However, businesses are often closed when a
current match is broken. I ndividuals continue to work after a
mat ch is broken. This fundanental difference between individuals

and businesses is captured in the current formul ati on of the nodel.
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Returning to the devel opnent of the nodel, individuals are
assuned to be risk neutral. Hence, their objective is to maxi m ze
t he expected sum of discounted output. The discount factor is *.

The only remaining detail is to describe the assunptions about
entry into the econony. In each period t, a new cohort of M
i ndi vi dual s of age zero are born into the econony. W assune the
nunber of newy entering individuals grows at the constant rate of
G i.e., M =(1+QOM,;. As nentioned, we assune that an exogenous
fraction e of these newWwy entering individuals start businesses.
The remaining fraction (1'e) purchase previously existing business-

es.?®

B. I ndividual Behavior

Consi der the problemat date t of an individual of age 1, or
greater, who has not pursued the outside opportunity (and hence
still owns the business he bought or started when he was age zero).
After observing x, and y,, and knowing p and $, the individual nakes
the follow ng choices: he can keep and manage the business in the
period or pursue the outside option. If he pursues the outside
option, then he either sells the business to another individual or

di sconti nues the business. W will refer to these actions as

]t would be straightforward to enrich the nodel to endogeni ze
t he process determ ning how many individuals start firns instead of
purchase. For exanple, we could assune that there is a fixed cost
to starting firnms. Equilibriumwould require that individuals be
i ndi fferent between being founders or nonfounders. This condition
woul d determne the equilibriumfraction e. For any version of the
nodel with a fixed e, there exists a level of fixed costs such that
this is the equilibriumlevel of e in a nodel where e is determ ned
endogenousl y.
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“keep,” “sell,” and “discontinue,” denoting themby the letters “K,”
“S,” and “D.”

Let the maxi mum di scounted val ue of output to the individual
from behaving optimally be denoted as v Xx,y). Note that we do not
i ndex v(i) by tinme since below we focus on steady-states of the
econony. In addition, let vg(x,y) be the maxi num di scounted val ue
of output from selecting action a in the current period, a O
{K, S, D}, and behaving optinally thereafter.

We begin by calculating the return to discontinuing the
business in the current period and behaving optimally thereafter.
Since we assune free disposal, this return is the discounted val ue
of earnings the individual obtains from working in the outside
sector this period and every period thereafter. Recalling that the
out si de opportunity provides a paynent of w each period,* the val ue

of discontinuing is then

(3.1) vB(x,y) = 1?5.

Consider next the return to selling a business. If an
i ndi vidual sells his business the return consists of the proceeds

of the sale plus the discounted stream of returns fromthe outside

't is possible to nake the returns to the alternative oppor-
tunity endogenous by nodeling the alternative opportunity as
starting or buying another business within the econony. In this
case the M individuals acquiring new or established firnms would
al so include individuals who previously owed a business. Enpiri-

cally, individuals often |eave one business to enter another
busi ness (we have stressed this in our previous work, Holnes and
Schmtz 1990). In the CBO data, however, we have no information as

to the current activities of the individuals who sold or discontin-
ued their firms so we have nodeled this process as sinply as
possi bl e.
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sector. The price of a business depends upon both the permnent
conponent $ and the transient conponent y of business quality.
G ven we exam ne steady-states, the price of a business does not
depend on tine. Define bg to be the price of a business wth
permanent quality $ and transient quality y = 0 (price is denom -
nated in units of current output). Note that if two businesses
have the sanme $ but one business has a y which is one unit greater
than the other business, then it will sell for one output unit nore
in equilibrium This follows from the fact that y is purely
transitory. Hence, given bg, the price of a $ quality business
with nonzero y is (bgty). G ven free disposal of businesses, a
necessary condition for a business to be sold is that bg + y $ 0.
Hence, the return to selling a business equals

w

(3.2) Va(Xx,y) = bg +y +

W next calculate the return to keeping and managi ng the firm

in the current period. This return is given by

(3.3) V(X y) = (MBaxty) + % § By,
wher e
(3.4) By 7 [ fvis(xy) BF(00) Eg(y) £dy i dx

is the expected future return conditioned on the values of p and
$. The first termof (3.3) equals output in the current period.
The second termis the discounted expected future val ue.

The maxi mnum value to the individual is the maxi mum of the

return over the three actions, that is,
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(3.5) Vis(X,Y) = maxVig(X, y), Vig(X, ¥), vig(X, y)

Two “cutoff” points are crucial in characterizing the optimnal
policy of the individual. Let %, be the level of x at which the
individual is indifferent between selling the firm and keeping the
firm This is obtained by setting (3.2) equal to (3.3), and then
solving for x. Note that the solution does not depend on y. Let
jus be the level of y such that the individual is indifferent
bet ween selling and di scontinuing the business. Sale is preferable
to discontinuance if and only if the sale price is positive.
Hence, y, depends only on $, 3y, = 35 = 1bs.

The pair (X ys) defines three regions as illustrated in

figure 1. These regions give the optimal policy as a function of

x and y. The region between “sell” and “keep” is separated by a
vertical line because as y is increased by one unit the return to
“sell” and the return to “keep” both increase by one unit; hence,

the relative return to these actions renmains unchanged. The region
between “sell” and “di scontinue” is separated by a horizontal Iine
because a decrease in the transient match conmponent x is irrel evant
in this region since the individual is leaving in either case.
Finally, the “keep” and “di sconti nuance” regions are separated by
aline with slope 'l since in this region the firmis not being
sold and only the sumof x and y is inportant.

From figure 1, it is easy to describe how to calculate the
probability that an individual keeps, sells and discontinues the
business in the current period conditioned on p and $ (but not

conditioned on x and y). This is done by integrating the joint
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density for x and y over the appropriate x and y regions in figure
1. Let p§ pR and p3 denote these probabilities that the busi-

ness is kept, discontinued and sold in the current period.

C. Equilibrium

Before defining a conpetitive equilibrium we need nore
notation. Let ag(x,y) 0 {K S D} denote the optinmal action given
X, Y, H, and $. Then aconpetitive equilibrium is a list

{a(f),v(f, b, by} that satisfies:

i) Vis(X,y) solves (3.5)

as(,y) = argmaxvi(X, ), (X, y), VR(X.¥) .

1) By - by = By - Byt (LA BfEv, o ~Bv, ) + Mgy, By, ).
iii) Supply,(b,by) = (11e)M.

The first condition insures that individuals behave optimlly.
Condition (ii) states that the price differential between high and
| ow permanent qual ity busi nesses nust be such that individuals pur-
chasi ng busi nesses are indifferent between the two qualities. The
| eft-hand side of (ii) is the price premumthat has to be paid in
order to obtain permanent high quality instead of low The three
terms on the right-hand side are the benefits fromdoing so. The
first term$, ! $ is the additional output in the current period
from having $, instead of $. The second termis the probability
1 1 8y of draning a |ow permanent match tines the difference in

di scounted expected val ue between $, and $_ conditional on draw ng
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a low permanent match. The third term corresponds to the event
that the individual draws hi gh permanent match quality.

Condition (iii) is that supply of businesses equal the demand
for businesses. The supply of businesses is denoted by Supply,(b, -
by). Construction of supply involve calculations that involve the
actions ag(x,y). The procedure is discussed in Appendix A Here,
we briefly describe the procedure. For a given price vector
(b, by, and a given pair (u, $), we calculate the point (X 3g) in
figure 1 and the resulting probabilities of “sell,” “discontinue,”
and “keep.” Next, if we knew the nunber (or nore formally the
neasure) of businesses with the pair (u,$), we could calculate the
nunber of these businesses that are put up for sale by nmultiplying
t he nunber of businesses by the probability of sale. Total supply
woul d then consi st of adding four nunbers: the nunber of business-
es of each type (u,$) that are put up for sale. W can calcul ate
t he nunber of businesses of type (4, $) at the beginning of a
representative period using (1) the flow of new firnms into the
econony that has occurred in previous periods and (2) the turnover
probabilities that these firnms have faced.

A steady-state of the nodel is a conpetitive equilibriumin
whi ch prices do not change through tinme. Since we did not include
time subscripts in our definition of conpetitive equilibrium above,
the definitionis inplicitly one of steady-state equilibrium

W can prove that a steady-state equilibriumexists under the
paraneter restriction (1'e) # e/ (1+(). Under this condition the

nunber of firnms purchased in the current period does not exceed the

20



nunber of firns started in the previous period. This condition is

satisfied by a large margin in our data set.

4. Turnover in the Model

What busi ness turnover patterns can this nodel produce? More
precisely, recalling the business turnover patterns docunented in
Tabl es 1B and 1C for the CBO survey, we ask: \What types of tables
of this sort can the nodel produce? There are two reasons for
addressing this question. First, this analysis will provide sone
under standi ng of the nodel and its properties. Second, in antici-
pation of the estimation that follows, the analysis provides sone
indication of the paraneter values that will give the nodel its
best “fit” to the CBO survey data. For exanple, the anal ysis shows
that a version of the nodel with only a business quality dinension
fails to capture sone inportant turnover patterns in the data.

How, then, can we construct versions of Tables 1B and 1C from
t he nmodel econony? It is useful to break this construction into
two steps. First, in section A, we show how the turnover probabil -
ities p§ ps and pgvary with pand $. Wth these results, if it
were known what fraction of businesses in each cell of Tables 1B
and 1C were of type (i, $), then the turnover patterns could be
directly obtained. Hence, the second step, in section B and
section C, is to calculate the fraction of businesses in each cel

that are of type (u, 9$).
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A.  How Turnover Probabilities Depend on p and $

Here we discuss how the probability of being kept, sold or
di scontinued varies with p and $. As discussed earlier, given the
pair (X, ¥s) illustrated in figure 1, these probabilities can be
calculated by integrating the joint density of x and y over the
appropriate regions in (Xx,y) space. Hence, the task is to
determ ne how a change in p or $ shifts the point (X 35 . Fornal
proofs of the results given in this section are in Appendi x B.

Consider first the effect on the pair (%, ys) of increasing p
with $ fixed. Recall that %, is the point where the individual is
indi fferent between keeping the business or selling it. An
increase in match quality p raises the return to keeping the
busi ness but has no effect on the return to selling. Hence, if a
low match individual is willing to keep rather than sell his firm
a high match individual, all else the sane, will prefer to keep
rather than sell, i.e., %5 < X, An increase in p has no effect
on the cutoff yj4 between selling and di sconti nui ng because the natch
is broken in either case. Therefore, if we increase g, with $
fixed, it shifts the pair (X 5ys) in figure 1 to the left, as
illustrated in figure 2. The “keep” region is bigger for the high
p case, while the “sell” and “discontinue” regions are snaller.

Now consider the effect on the pair (X, y5) of increasing $
with g fixed. An increase in $ shifts the y cutoff downward. The
hi gher is permanent business quality, the greater the wllingness
to tolerate a | ow transi ent business quality before discontinuing

the business. In addition to the effect on the y cutoff, a change
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in $ also has an effect on the % cutoff. The direction of this

ef fect depends upon p as illustrated in figure 3. If pis low, an
increase in $ shifts %, to the right, i.e., X,s > Xus. |f His
high, an increase in $ shifts %, to the left, i.e., X5 < %us. The

basic intuition for the result is as follows.
The reason for the shape of figure 3 is that nmanagers with a
good nmatch prefer a good business nore than managers with a bad

match, that is, we can show

( 4 . 1) EV [T ! EV [T > EV T ! EV [T

where the expectation is taken with respect to the joint density of
x and vy. Wiy would a manager with a good match prefer a good
busi ness nore than a manager with a bad match? To answer this, we
ask anot her question: Wat are the benefits of a good business?
I f a manager sells the business at the beginning of the current
period, a high $ business brings a higher price. But a person wth
a good match and one with a bad match value this feature of a good
busi ness equally. [|f the individual ends up keeping the business
in the current period, a high $ business produces greater output.
But again, a person with a good match and one with a bad match
val ue this equally. However, a person with a good match pl aces
greater future value on having a good business today than does a
person with a bad match. To see why this is the case consider
point Ain figure 3(a). At this x and y, the person with a low u
and a high $ is indifferent between keepi ng and di scontinuing the

business. Since the individual is indifferent between keeping and
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di sconti nui ng the business, he would be no worse off having a | ow
$ business, i.e., the additional benefit of a high $ business is
zero here. Now, if the individual had instead a high p for the
same x and y, he would strictly prefer keeping the business. Since
he is keeping the business, the individual clearly prefers keeping
a good business. This shows that for some x and y the increnental
benefit of high $ rather than low $ is greater for high p than for
low u. We can also showthat it is never lower. This explains why
inequality (4.1) holds.

An interpretation of this result is that even though there is
no interaction between p and $ in the production of current output,
u and $ are “conplenents” in a dynam c sense. Because of this
dynam ¢ conplenentarity, |oosely speaking, a high $ business is
worth nore to an existing ower who already has a high p than it
woul d be worth to a new owner since the new owner m ght draw a | ow
U.  This explains why an owner with high p and high $is so prone
to keep rather than sell his business. Anal ogously, a high $
business is worth less to an existing ower with low p than it
woul d be to a new owner since a new owner's p can only be better
than the existing owner's. Hence, an owner with a high $ business
but with low g is eager to sell

A

We can summari ze our results by ranking the % cutoffs:
(4 2) AXUH$H < AX“H$L < AX“L$L < AX“L$H'

The first inequality is illustrated in figure 3(b), the second in

figure 2, the third in figure 3(a). Using the inequalities in
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(4.2), we can draw sone concl usi ons about how the turnover proba-
bilities pg pg and pg vary with p and $. Fixing $, high p neans
a higher probability of keeping, and a | ower probability of selling
and discontinuing, pfs > P Bs < A and py < ps Fixing
high $ nmeans a lower probability of discontinuance, pg, < ps.
However, the effect of increasing $ on the probability of keeping
or selling is nore conplicated. Holding p fixed at p, an increase
in $ raises the probability of keeping, i.e., g§H> prs, but has
an anbi guous effect on the probability of selling. Holding p fixed
at ., an increase in $ raises the probability of selling, pJ, >
Prs, but has an anmbi guous effect on the probability of keeping.
Looki ng across all four different conbinations of p and $, an
owner with p, and $, has the hi ghest probability of keeping and the
| onest probability of discontinuance. An owner with p, and $, has
t he highest probability of selling. An owner with p,_ and $ has the

hi ghest probability of discontinuance.

B. The Distribution of (W, $) and the Calculation of Turnover
Tabl es: First Special Case

The determnation of the fraction of businesses of type (W, $)
in each cell in Table 1B, and hence, the various turnover probabil -
ities, is analytically difficult. Hence, in this subsection, and
the next, we exam ne special cases of the general nodel. The two
speci al cases differ in their assunptions about p. |In the special
case examned in this section, we set y_ equal to its upper bound,

that is, gy, =y In this case there is no variation in permnent
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match quality. 1In the case of the next section, we set p,_ equal to
its |l ower bound, that is, y_ = '4 (nore on the interpretation of
this case below). This second case is of special interest since
this paranetric formis that chosen by the estimtion procedures
bel ow.

Suppose then that Y = Mg Bef ore discussing the business
turnover patterns in this case, we first show that sone of the
analysis in Section A can be sinplified when py, = g4, In particu-
lar, in the previous section we explained why X varied with $ as
illustrated in figure 3. Part of the argunent relied on the fact
that the p of the new owner could differ fromthe pu of the previous
owner. \Wen py, = Y, everyone has the sane p.  For this special
case we can show that X is independent of business quality $. This
case is illustrated in figure 4. An increase in $ shifts y
downward but | eaves X unchanged. An increase in $ increases the
probability of keeping and selling, and |lowers the probability of
di scontinuance, i.e., p§ > p5, pi > p5, and ps < ps (where, note,

we have dropped the p subscript).

B.1 An Analysis of Mnagerial Tenure

Now consi der sone of the turnover patterns inplied by this
nodel . First, consider a cohort of individuals who start busi ness-
es in the sane period. Suppose we keep track of the “surviving”
menbers of this cohort, i.e., the individuals who keep their busi-
nesses period after period. These individuals correspond to those

in the first colum of Table 1B. Since individuals with high $
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busi nesses are nore likely to keep their businesses than those with
| ow $ busi nesses, the fraction of surviving owners that have high
$ will increase through time. This inplies that the keep rate will
increase over tinme in the cohort, while the discontinuance rate
will decline. This pattern inplied by the nodel matches that found
in the first colum of Table 1B

Consi der next a cohort of individuals who purchase busi nesses
in the same period and, further, purchase businesses of the sane
age. Suppose we keep track of the surviving individuals in this
cohort. These individuals correspond to those on the diagonal s of
Tabl e 1B. For exanple, consider those who purchased businesses in
1982 that were |less than two years old. These individuals corre-
spond to those in the upper left-hand cell of the nonfounder group
in Table 1B (age of business = 0-2, tenure of nanager = 0-2).
Anong these individuals who stay with their business, both the age
of the business and the tenure of the manager increase. Hence, if
a new survey was taken next “period,” these owners would be in the
cell: age of business = 3-6, tenure of manager = 3-6. And so on.
If we follow the surviving nmenbers of this cohort of individuals,
then fromthe argunents in the paragraph above, the nodel inplies
that the keep rate increases as we nove down the diagonal, while
t he discontinuance rate declines. This, too, is consistent with
the pattern in the CBO  (Note, however, there are two “transi-
tions” in which discontinuance rates increase; from9 to 16 in one

case, from19 to 20 in another.)
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B.2 Analysis of Business Age

Consi der next a cohort of firnms that are founded in a particu-
lar period. Fromfigure 4, we see that high $ businesses are nore
likely to survive, that is, nore likely to be kept or sold. This
means the average business quality of the surviving nenbers of the
cohort increases with the age of the business cohort. Therefore,
the probability of discontinuance decreases in the age of the
busi ness cohort.

G ven these results, consider next exam ning businesses of
di fferent ages but whose nmanagers have the sane tenure. For
exanpl e, consider what the nodel inplies about discontinuance rates
as we read down the colum in Table 1B in which managers have 0-2
years of tenure. Since older businesses are of higher quality than
younger ones, and since high quality businesses are nore likely to
be sold than low quality, then it follows that the average busi ness
quality increases in business age (with managerial tenure held
fixed). This inplies that discontinuance rates should fall as we
read down the 0-2 year tenure columm in Table 1B, as they do. This
is true in the other colums as well, though there are two cases

where this pattern does not hold.

B. 3 Founder/ Nonf ounder Conpari sons

W turn now to a conparison of firnms that have been sold with

firms that are still owned by their founders. Consider two busi-
nesses that have been kept by their founders up until date t.
During period t, imagine one business is kept and the other is
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sold. Which business is nore likely to be of high quality? That
is, which is bigger, pr($ = $p, a, = S) or pr($ = $p, a = K),
where pr($ = $pf, a,) is the probability $ = $,given the prior
probability, p5 that $ = $, (which is the same for both busi nesses
since both have the sanme histories) and conditioned upon observing
action a,? The followng | emma, proved in Appendix C, shows that

the sold business is nore likely to be high quality.

LEMVA. Assune the hazard function g(y)/(1 ' y)) is strictly
increasing iny. Assume g, = My If pi o (0,1), then pr($ = $.pl,
a, =98 >pr($ = $sps a = K.

The regularity condition used in the lemma is frequently assuned in
theoretical work and is satisfied by the normal distribution, anong
ot hers. The intuition for the result can be seen by studying
figure 4. The key step in the proof is to show that as we increase
$ and thus shift the §y cutoff down, the “size” of the “Sell” region
increases relatively nore than the size of the “Keep” region. To

see why this m ght be true, suppose for sinplicity that y is uni-

formy distributed. In this case the ( %X,y pair would lie in a
“box.” The endpoints of the uniformdistribution would determ ne
the top and bottom and side boundaries of the box. 1In this case,

A

as the y cutoff shifts down, the keep region runs into the |ower
endpoint of the distribution of y so relatively little is “added”
to the keep region. The “Sell” region does not run into the | ower

endpoint so it gets relatively larger than the “Keep” region.
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Because business sale is an indication of high quality, it is
reasonable to expect that, holding business age fixed, that
busi nesses that have been sold are of higher quality than those
still owned by their founders. Straightforward cal cul ati ons show

this and hence prove the followi ng corollary of the | emma.

Corollary. Under the sanme conditions as in the | emma, the proba-
bility of discontinuance is |lower for a nonfounder firmthan for a

founder firmestablished the sane year.

This inplication of the nodel is at odds with the patterns in
the CBO data. For exanple, for businesses that are 0-2 years of
age, businesses that are owned by their founders have | ower
di sconti nuance rates than those that have been sold, 46 percent as
conpared to 59 percent. But note that because busi nesses owned by
nonf ounders are of higher average quality, the nodel inplies that
t hey have higher transfer rates than founder firnms. This latter
inplication is consistent wwth the CBO patterns.

In summary, the nodel with gy = p,is able to produce sone of
the turnover patterns found in the CBO data. However, the node
“msses” sone key features of the data. In particular, it inplies
that sold firns have | ower discontinuance rates than founder firns
of the sane age. |In the next special case, we add a match di nen-
sion to the nodel. This will act to increase the discontinuance

rate of nonfounders relative to founders.
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C. The Distribution of (W, $) and the Calculation of Turnover
Tabl es: Second Speci al Case

Consi der now the case where py is “extrenely” low. In partic-
ular, we want to assune a value for p_ that insures that individu-
als drawi ng a bad permanent match will break the match after their
first period in the business sector, that is, as soon as they can.
But choosi ng such a value for p_ takes sone care. For exanple, if
there are no restrictions on how |l arge x can be, then to insure a
bad match is broken after the first period we literally need to
assune that py. = '4. But if the return to a bad match takes this
val ue, then the expected discounted returns to a new entrant are
equal to !4, In order to bypass these technical problens, we
make the follow ng changes to the interpretation of the nodel
| ndi vi dual s who enter the econony observe their permanent match in
the first period but do not start receiving the return fromthis
mat ch until the next period. Hence, individuals |earning they
have a bad permanent match will break their match after the first
peri od. Note that this change of interpretation does not influ-
ence any decisions in the econony. W will refer to this special
case of the nodel as the case where “p_ = 14.”

As suggested, an alternative way to bypass these technica
problens is to assune that there is sonme upper bound on the range
of the x variable. If this is the case, we can nmake p, | ow enough
so that it is never optimal for an owner with a bad pernmanent match

to keep his business, whatever the level of x, y, or $.
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What business turnover patterns are inplied by this special
case? |In order to answer this question, lets retrace the analysis
for the previous special case. W will explore whether any of the

resul ts change here.

C.1 An analysis of tenure

The first turnover patterns that we sketched above were those
in the first colum of Table 1B. In order to sketch these
patterns for this nodel, consider a cohort of individuals starting
busi nesses in a particular period, say period t. A fraction 8¢ of
these individuals draw py, a fraction 1 ' 8. draw p,. At the
begi nning of period t + 1, no individual wwth match y. w il decide
to keep his business. Therefore, at the beginning of period t +
2, all surviving nenbers of the cohort have high p. Hence,
average match quality increases as we nove down the first colum in
Tabl e 1B.

What happens to the distribution of business quality as we
nove down the first colum of Table 1B? First, |ets consider what
happens to business quality fromperiod t + 2 onwards. Si nce the
cohort is conprised only of persons with good matches from this
period onwards, and since pJ, > pis, the fraction of individuals
t hat have $, i ncreases over tine.

Now |l ets consider the change in business quality between
periods t + 1 and t + 2. At the beginning of period t + 1, the
fraction of good businesses equals 8>, + (118¢)>,. Ve will assune

t hroughout this paper that >, ¢ >,. This says that founders that
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draw a good match are at least as likely to draw a good busi ness as
are founders that draw a bad match. This seens plausi bl e. | f
this is the case, then the fraction of founders in the cohort at
the beginning of periodt + 1 with $,is no greater than >, I n
periodt + 2 the fraction of individuals with good busi nesses w ||
be at least >, Hence, business quality increases between t + 1
and t + 2.

The conclusion then is that both match and business quality
i ncrease as we nove down the first colum in Table 1B. Coi ng back
to the analysis in Section A on how the turnover probabilities
varied with pand $, it is easy to see that the nodel inplies that
probability of keeping strictly increases and that the probability
of di scontinuance decreases as the cohort ages. Fal li ng di scon-
tinuance rates in the first colum of Table 1B is consistent with
the CBO pattern. Recall this was also an inplication of the
previ ous case where [, = Hu

In the previous section we next considered a cohort of
i ndi viduals who purchase businesses in the sane period and,
further, purchase businesses of the sane age. As nentioned above,
t hese individuals correspond to those on the diagonals of Tables
1B. As in the previous section, the nodel here inplies that

di sconti nuance rates shoul d decrease al ong the di agonal .

C. 2 Founder/ Nonf ounder Conpari sons
We turn again to a conparison of firns that have been sold

with firns that are still owned by their founders. Consi der busi -
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nesses that have been kept by their founders up until date t. How
do businesses that are kept during period t conpare with those that
are sold? W nmake two conparisons: first, we conpare nmatch
quality for the managers and then business quality.

The owners who keep businesses have already undergone the
process whereby bad matches are elim nated. The new owners of
busi nesses purchased this period have not undergone this process.

Hence, the average match quality p for the founder firns is
strictly greater than that for the nonfounder firns. If this were
the only factor, then the discontinuance rate of the nonfounder
busi nesses in the period after the acquisition would be greater
than that of founder busi nesses. Recall that this inplication is
just the opposite of that in the special case above. Note as wel |
that this inplication nmeans that this special case has a chance of
mat ching the pattern found in Table 1B where nonfounders have
hi gher di sconti nuance rates than founders.

The conpari son of business quality between the businesses that
are kept and those that are sold is not sinple as the conpari son of
match quality. In general, the sold firnms may have greater or
| ower average business quality $ conpared to the kept firns.
There are a nunber of factors at work.

The first factor explains why sold firns may be higher quality
t han kept firns. The point can be made with a sinple exanple.
Suppose that all firms have y = 0 (think of this as correspondi ng
to a special case of the nodel where nearly all the probability

mass is centered at y = 0). Then there are only two kinds of
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busi nesses on the nmarket, $ and $, busi nesses (this contrasts with
t he general nodel where there is a continuumof firns on the narket
differentiated by y). For certain paraneters of the nodel the
followng is the equilibrium The price of a $,business is zero.

In each period there are individuals with $, businesses that do
not Kkeep these businesses. Some of them discontinue their
busi ness, others sell their business (since the price is zero they
are indifferent). Al'l individuals with a $ business who do not
keep their business discontinue their businesses. In this exanple
sale of a business is conclusive evidence that the business has
hi gh $. Next, what can we infer about business quality when a
business is kept? A low $ business will be kept by its founder if

he has a high permanent match p and if the transient match x is

hi gh enough in the period. Therefore, all kept firns are not
necessarily high $ firns. Sone are | ow $ businesses that survive
because of high match quality. Hence, sold firms have higher

average business quality than kept firns in this exanple.

Having elucidated this principle, and having established in
section B that without differences in u sold firnms have higher $
than kept firms, one mght be led to believe that there is a
general result: nanely that, everything else the same, a sold firm
has hi gher average quality than a kept firm But this is not
al ways true. Recal | that for the case of p, = gy we obtained the
result that the sold firnms had higher $ than the kept firns by
showing in figure 4 that an increase in $ led to an increases in

the “sell” region that was relatively larger than the increase in
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t he “keep” region. Now consi der the case at hand of p_ arbitrarily
smal | and suppose the founders in the cohort have al ready under gone

t he “shakeout” period so that they all have high p. The appropri -

ate figure is figure 3(b). As we increase $, the keep region gets
bi gger. But now the sell region can actually decline. I n such
a case, sale of the firmis a signal of low quality. That is, for

such a case, the posterior probability that a firmis $,is |ower
for the sold firns than it is for the kept firns. In such a case
sold firms would have higher discontinuance rates than founder
firns because their | ower average business quality would reinforce

their | ower average match quality.

5. Esti mati on of the Mde
This section discusses our procedure for estimating the nodel
paraneters and presents the estinates. W del ay di scussion of the

estimates until Section 6.

A Description of the Estinmation Procedure

Recall from Section 2 that a key feature of the CBO survey was
that we could classify businesses into one of 27 cells defined by
the age of the business, the tenure of the manager and the founder
status of the owner as seen in Table 1A Each of these 27 events
can be further cross-classified by what happened to the business
between 1982 and 1986, that is, whether it was kept, sold or

di sconti nued. ® These 81 (= 27 § 3) cells are the focus of the

*Not e that busi nesses which were sold in 1982 appear twice in
t he CBO uni verse, once when the original owner filed a tax return
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anal ysi s. Let the cells or events be indexed by k and let n,
denote the nunber of businesses in the CBO sanple that are in
cell k.

Roughly, the estimation procedure works as foll ows. For a
gi ven vector of nodel paraneters, we use nunerical nethods to sol ve
for the steady-state equilibrium of the nodel econony. Thi s
solution then is provisionally taken as the underlying universe of
smal | busi nesses fromwhich the CBO was drawn. In particular, we
know the fraction of businesses in the universe that lie in each of
the 81 cells. The fraction of businesses in each cell in the
universe (that is, the nodel solution) can then be conpared to the
fraction of businesses in each cell in the CBO sanple. The
estimation procedure provides a way of choosing a vector of nodel
paraneters (that is, an underlying universe) so that the two frac-
tions in each cell, that is, the fraction of businesses in the
universe in a cell and the fraction of businesses in the CBO sanple
in that cell, are “close.” W nowturn to a nore formal descrip-
tion of the procedure.

Let 1 denote a vector of underlying paraneters of the nodel

econony where 1 = (*, e, paraneters defining F({) and G, w (

Mo M B $u 8w 8n >y, >uw). For a given paraneter vector 1,

for the first part of the year and second when the new owner filed
a tax return for the latter part. In constructing the node

econony universe we therefore include individuals who were in the
smal | busi ness sector at the beginning of period 1982, or at the
end of the period, or throughout the period. In sanpling in this
manner, busi nesses sold during period 1982 will appear twice in the
anal og universe, just as in the CBO universe.
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we use nunerical nmethods to cal cul ate the steady-state conpetitive

equi l 1 brium W& next assune that the length of a period in the
nodel econony is one year. We select an arbitrary period in the
nodel to correspond to the year 1982. This solution then is

provi sionally taken as the underlying universe fromwhich the CBO
was drawn. Let p(1) denote the fraction of all businesses in
cell k in the nodel econony when the paraneter vector equals 1.
These fractions are easily calculated fromthe nodel solution
When a busi ness was sanpl ed during the CBO survey, we think of

it as being a randomdraw fromthe popul ation which could result in

one of the 81 mutual ly excl usive outcones di scussed above. Hence,
t he random vector (n;,n, ...,...,Ng) has a multinomal distribution.
The probability of observing the CBO sanmple (n,, n, ...,Ng), given
(p(1),p(1),...,pg(1)), is therefore given by
(5. 1) L(1) = |n—'n| P, (8)™ P, (8- ... Py (@)%,

1 Ve..ng !

Qur estimation procedure is to find the paraneter vector 1 which

maxi m zes the (log of) equation (5.1), the likelihood function.?®

®One difficulty in estimation is that there are cells which
have zero probability in the nodel econony but for which there are
observations in the CBO survey. G ven our assunption that the
period length is one year, there are no nonfounder firns in the
nmodel econony which were acquired in 1982 and established in 1982
(firnms nmust be one period old before transfer can take place in the
nodel ). Yet there are 60 individuals in the CBO survey who claim
to be nonfounders who acquired in 1982 a business established in
1982 (this is 20 percent of the 306 nonfounders who reported having
acquired their business in 1982). W proceed by reallocating these
observations in the cell which is the “nearest” neighbor, i.e., we
shift the observations of nonfounders acquiring in 1982 busi nesses
established in 1982 to the cells containing nonfounders acquiring
in 1982, businesses established 1980-82.
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B. The Mbdel Paraneters

We assune that transient match quality x, and transient
busi ness quality y, are both normally distributed with zero nean
and variance F; and F, respectively. The parameters F,, F, w p,

U, $, $, are all denoted in terms of units of the consunption

good. Wthout | oss of generality, we can normalize these units so
that F, = 10.
There are two other normalizations that are nade. First,

note that if one unit is added to the outside return w and to both
M, and M, then in each period the return to individuals is in-
creased by a unit (independent of any deci sions). Since there are
no inconme effects in the nodel, these additions would not change
any deci si ons. As an identifying assunption we therefore set w =
0. Second, note that if we add one unit to both py_ and p, , and
subtract one unit from both $ and $, then the return in each
period is unchanged, and so as above, these additions would not
change any deci si ons. As an identifying assunption we therefore
set $ = 0. In summary, regarding the parameters denoted in units
of the consunption good, we make the identifying assunptions F, =
10, w=0, and $ = 0, and estimate F, p, M, and $,.

We chose not to estimate the discount factor and instead
constrained * to equal 0.95. This is a plausible discount factor
since the period length is one year. There is a sanple analog to
the paraneter e, the fraction of new entrants who start busi nesses.

The sanple analog is the fraction of individuals in the CBO who

entered in 1982 by starting their business. This fraction equals
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0.874 and we directly set e = 0.874 rather than include this
paraneter in the maxi mum |ikelihood procedure. The growth rate
paranmet er ( does not have an exact sanple analog so we did estimate
this paraneter.

The final set of paraneters are the probabilities of draw ng
good mat ches and good busi nesses. Recall that the probability a
nonfounder draws y, is 8 and that the probability a founder draws
My IS 8 G ven a founder draws p, the probability he draws $, is
>.While if he draws u, the probability of drawing a good busi ness
is >,. We considered sone alternative assunptions about these
par anmeters. Qur first assunption, which we call “Mdel 1,” is
that the probability of drawing a good match is the sanme for
nonfounders and founders, 8y = 8¢, and that the probability a
founder draws a good business is independent of the match that he
draws, >, = >,, In the second specification, “Mdel 2,” we permt
the probability that a founder draws a good busi ness to depend upon

the match that he draws, so that >, . >, is allowed. I n “Model

3,7 we further permt the probability of drawing a good match to
depend on whether the business is being started or acquired from

anot her owner, that is, we allow both 8y .. 8 and >, . >,

He
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Table 2 presents the maxinmum likelihood estimates for the
three nodels.” Standard errors of the estimtes are presented as
wel | .8

The estimates for the three specifications are qualitatively
simlar. In all three specifications, the standard devi ation of
the transi ent business shock y, is estimated to be about 10 percent

of the standard devi ation of the transient match shock x, which we

I'n this procedure we are wary of the fact that a loca
optimumis not necessarily a global optimum In calculating the
opti mum we considered a wide range of starting points. W also
plotted out the shape of the likelihood function for sone key
paraneters. For exanple, we nmaxim zed the |ikelihood function for
various fixed levels of the paraneter 8 and plotted out this
function of 8 to examne its shape. For nodel 1 there is a second
(inferior) local optinum W only found one |ocal optinumfor both
nodel s 2 and 3.

8 used the follow ng “bootstrap” technique to estimate the
standard errors: W took the paraneter estimates and sol ved for
the equilibriumdistribution p(2) across the 81 cells. W then
drew 15,737 random draws from this distribution (the nunber of
observations in the CBO survey) and then applied the estimation
procedure to this sinulated data set. W repeated this procedure
50 times and then calculated the distribution of the paraneter
estimates for these 50 sinulated data sets. Fromthis distribution
of 50 realizations we calculated the standard errors. This nuch is
standard. But note that for Mddels 2 and 3 our paraneter estinate
for y is 14 The standard error is not a useful summary statistic
of the distribution of the paraneter estimated in this case, so we
report other features of these distributions. 1In the case of Mdel
2, in 23 out of the 50 sinulated data sets (46 percent) the
estimate for py. was '4. In the remaining 54 percent of the data
sets the estimate of py,_ ranged froma |low of 129.8 to a high of
113. 7. In terms of quintiles, 100 percent were below !13.7, 80
percent were below 118.0, 60 percent were below !21.9, and the 40
and 20 quintiles were both at '4. For Mdel 3, in 40 percent of
the data sets the estimate for p_ was !4 and for the renaining 60
percent the range was 159.9 to 113.8. The quintiles were 113.8,
118.9, 140.1, 14, 14, The key point here for both Mddels 2 and 3
is that although p_ is not precisely estimated at !4, we have a
hi gh degree of confidence that it is a negative nunber with an
extrenely high absol ute val ue conpared with the other paraneters of
t he nodel .
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normal i zed at 10. In all three specifications, there is an
extrenme difference between py_ and p,. In fact, in nodels 2 and 3,
the likelihood is maxi mzed by taking the paraneter p_  to its limt
of 14, The data is choosing the polar case of the nodel that we
di scussed earlier. In this polar case owners with low p exit the
smal | business sector in the period inmediately after they acquire
t he busi ness; all owners that remain have high p. In nodels 1 and
3, $,is approximately equal to In these nodels, given a high

u, having high $ doubles the permanent conponent of a firns

out put. Model 2 is sonewhat different in that $, is nore than
twice M. The growth rate ( is between 1 and 2 percent for all
t hree nodel s. This is roughly consistent with the historical

growth rate in the nunber of proprietorships.?

The probability of drawing a high pis about 0.6 in all three
speci fications. In nmodel 3, where 8 is permitted to differ from
8;, the probability a nonfounder draws high p is 0.65 which is
somewhat | arger than the probability that a founder draws high y,
0. 52. Turning to the probability that a founder draws high $, one
can see that nodel 1 differs significantly fromnodels 2 and 3.
In nodel 1 this probability is 0.037. In the other two nodels
this probability can depend upon the match quality drawn by the

f ounder . In both nodels it is estimated that a founder draw ng a

°The actual annual average growth rate in the nunber of
proprietorships from 1957 to 1980 was 1.6 percent. The actual
average annual growth rate from 1970 to 1980 was 3 percent. W
stop at 1980 because the definition of the series changed in 1981.
(Source: Statistics of Income Source Book on Sole Proprietorship
Returns, 1957-84.)
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bad match py, has a zero chance of draw ng a good busi ness $,. In
contrast, a founder drawing a good match in nodels 2 and 3 has
chances 0.18 and 0. 14 of drawing a good busi ness, respectively.
Consi der next neasures of goodness-of-fit for the various
nodel s. A conventional goodness-of-fit test is the chi-squared
test. The nodel fails this test by a | arge margin. As di scussed
in Pakes (1986), and references cited therein, this problemoccurs

frequently in nodels designed to analyze proportions when the

underlying sanple size is |arge. The bottom of Table 2 presents
sone ot her neasures of goodness-of-fit. Let p; = n;/N denote the
fraction of all observations in cell i in the CBO data. The sum

of the absol ute deviations between the enpirical fractions Pp, and
the predicted fractions p;(1) is 0.220 for nmodel 1, 0.180 for nodel
2, and 0.187 for nodel 3. It is surprising that the figure for
model 3 is larger than for nodel 2, since nodel 3 is a less
restricted version of nodel 2. This illustrates that the maxi num
i kelihood criterion is not perfectly correlated with other
measures of goodness-of-fit. An alternative summary neasure isS
provi ded by |ooking at the nean squared devi ati on between P, and
pi(1) (MSE in Table 2) and conparing it to the variation in P
across the 81 cells (Vin Table 2). The ratio MSE/V i s presented
inthe last row of Table 2; it equals 4.3 percent, 2.8 percent, and
3.1 percent, respectively for nodels 1, 2, and 3. Agai n, nodel 2
fares best under this neasure.

For the remai nder of the paper we prefer to discuss a single

nodel rather than all three. One way to possibly narrow the range
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of nodels is test the constraints on the probabilities (that is,
the 8 and > paraneters) inposed in nodels 1 and 2. The | og of the
i kelihood increases by 166 points when we relax the constraint
that >, = >, and by an additional 37 points when we further rel ax
the constraint that 8y = 8. The differences in the |ikelihood
functions are sufficiently large that both constraints can be
rejected in a likelihood ratio test by a | arge margin.

Wiile this is true, we choose nodel 2 as the nodel to discuss
in the rest of the paper. Wen we refer to the “nodel econony,”
we shall nean the econony with paraneters |isted under nodel 2 in
Tabl e 2. Qur reasons are as follows. Rel axi ng the constraint
that noves us fromnodel 1 to nodel 2 leads to a substantial im
provenent in the likelihood function and this inprovenent in fit is
corroborated wth the other neasures of fit. Thi s notivates our
choi ce of nodel 2 over nodel 1. To expl ain our choice of nodel 2
over nodel 3, we first note that relaxing the constraint that takes
us fromnodel 2 to nodel 3 leads to a relatively small inprovenent
in the likelihood function and there is actually a deterioration in
t he ot her neasures of goodness-of-fit. Second, for the purposes
of the next section where we study how t he nodel econony works, we
think the assunption that 8y = 8- is attracti ve. Under this as-
sunption founders are simlar to nonfounders except for the fact
that they are at different stages of the selection process. I f 8\
is different from 8, then founders and nonfounders are different

for reasons that are outside the nodel.
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C. Robust ness of Estimates

This section discusses the robustness of the paraneter
estimates to alternative selections of the data. The data set
used so far includes all nonmnority mal e-owned busi nesses in the
Characteristics of Business Omers sanple. In this section we
report the paraneter estinmates of the nodel when different subsets
of the data are used in the estinmation procedure. These esti mat es
are presented in Table 3. For ease of conparison, the first
colum of Table 3 presents the estimates of the nodel for the
entire data set (and so is anal ogous to the second colum in Table
2). The data sets used in colums 2-6 are expl ai ned bel ow.

The second colum of Table 3 presents the nodel estinmates when
the data set is restricted to proprietorships. Propri etorshi ps
makes up about 90 percent of the CBO business popul ation (the other
10 percent being partnershi ps and corporations). These busi nesses
are all owned by a single individual. By | ooking at proprietor-
ships we avoid the issue of howto treat nulti-owned businesses. !

Note that 8 in this table denotes the conmon probability that

founders and nonfounders draw a good match, 8 / 8y = 8. The

The problem with nulti-owned firns is that the different
owners of the sanme firmmay have different tenure and this doesn't
happen in the nodel where all firns have a single owner. 1In the
case of a multi-owned business our procedure was to randomy sel ect
one of the owners of the business and use his tenure. W consid-
ered sone alternative procedures as well but the different treat-
ments nade |little difference in the results in Table 2 because npst
busi nesses have a single -owner and in the nmulti-owner cases, the
tenure of the owners are often the sane because the group of owners
often acquire the business together. These issues are further
di scussed in Holnmes and Schmitz (1993).
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estimates for the proprietors only data set are very simlar to the
estimates for the entire data set.

The next two columms in Table 3 correspond to data sets with
“size” restrictions placed on the businesses. Many of the busi -
nesses in the CBO popul ation are quite snmall. Many are part-tine
operations at which the ower works |ess than 10 hours a week.
Some busi nesses have as little as $100 in receipts for all of 1982.

Wiile we think it is appropriate not to place size restrictions on
the sanple (after all, new busi nesses may start out small, and old
busi nesses that are about to close may first undergo a reduction in
size), it is worth asking how sensitive our results are to the
i nclusion of these smallest of businesses. The third col um of
Table 3 contains our estimates using the sanple consisting of
proprietors working 30 hours or nore a week at the business. Thi s
hours restriction elimnates al nost 40 percent of the proprietors.

Nevert hel ess, the basic results are the sane, in particular, the
estimated nodel continues to display the polar case where a poor
match is so bad that the owner |eaves the business at the first
opportunity.

Col um four contains the estimates using the data set that
excludes firns with [ ess than $5,000 in receipts. The esti mat ed
return to a bad match is different than that in the first three
colums: the estimate for py,_ is no longer at the limt point of
mnus infinity. Neverthel ess, the results are qualitatively the
sane in that the difference between the returns to match qualities

My and p, of 9.79 (0.43 1 18.36 = 9.79) dwarfs the difference
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bet ween the returns to business qualities $, and $ of 0.21 (0.2110
= 0.21). Wiile there is no |l onger a “shakeout” period where al
bad matches are elimnated in the first period after acquisition,
bad matches are elimnated rather quickly for these paraneters.
For exanple, the probability an owner drawing py, will Kkeep his
busi ness three periods or nore is |less than 0.015.

The | ast issue we discuss is that related to industries. The
busi nesses in the CBO popul ation are in diverse industries. There
are busi nesses fromevery Census two-digit industry except agricul -
ture. Industries are likely to vary in the distribution of match
and business quality for businesses within the industry. For
exanple, it may be that business quality is of little inportance in
the taxi (transportation) industry. Whether a taxi driver is
successful seens likely to be tied to whether the person is a good
match to the uni que aspects of the job.

The estimates in colums 1-4 use data sets that 1include
busi nesses fromall industries. There is nothing “wong,” per se,
W th grouping industries in the estination. For exanpl e, we can
i magi ne that there are such businesses as taxi businesses in the
nodel econony and that each taxi business has | ow business quality
$,. We can imagine that there are other businesses, say restau-
rants, and that a certain fraction of these business have high
business quality $,. The nodel econony is consistent with there
being different industries that vary in their distribution over $,

and $,.
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Still, it would be interesting to use the techniques of this
paper to exam ne industry level data, to estimate the degree to
whi ch match quality and business quality vary across industries.
Here we look at a nore imted issue. In colum 5 we present the
estimates for the data set that only includes retail and service
busi nesses. The “Retail Trade” sector and the “Services” sector
toget her conprise nore than one half of all the firnms in the data
set (i.e., SIC codes 5200-5999 and 7000-7999). These are the
corner stores and barbershops that conme to m nd when one thinks of
smal | busi nesses. Colum 6 contains the estimates for the case of
all firnms except services and retail. The estinmates for these two
mutual |y exclusive sets of industries are remarkably simlar to
each other and to the estimates from the conbined data set in

col um 1.

6. Di scussion of Estinated Mddel Econony
In this section we exam ne the estinated nodel econony. e
begin by presenting the business turnover rates in the estinmated

nmodel econony, conparing themto those in the CBO survey.

A A Conparison of the Mddel and CBO Busi ness Turnover Rates
Tabl e 4 presents business turnover rates. The top panel of
the table gives turnover rates from the CBO survey; this panel
reproduces the information that was presented in Tables 1B and 1C
above. The bottom panel presents turnover rates for the estimated
nodel econony (again, the nodel econony associated with Mdel 2 in

Tabl e 2).
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As a way to conpare the turnover rates in the top and bottom
panels, recall the discussion of the CBO survey in Section 2.
There we highlighted a few points about the CBO turnover rates.
The first point was that, exam ning busi nesses of the sane age, the
probability that the business fails is initially decreasing in the
tenure of the nmanager. At sone point the discontinuance rate
begi ns to increase. As can be seen in the bottom panel of Table
4, this pattern is true of the nodel econony for nonfounders.
Bel ow we wi |l discuss why the nodel produces this pattern. Not e,
however, that discontinuance rates for founders do not begin to
increase in tenure after sone period.

The second point was that, exam ni ng busi nesses whose managers
have the sane tenure at their business, the probability that the
business fails is typically decreasing in the age of the business.

This pattern is true of the nodel econony as well.

The | ast points we nentioned concerned conpari sons of turnover
rates for founder and nonfounder businesses of the sane age. W'
mentioned that, exam ning businesses of the sane age, businesses
owned by nonfounders with tenure of 0-2 years have hi gher discon-
ti nuance rates than busi nesses owned by their founders (except for
the very ol dest businesses, those of 23+ years), while the opposite
was true for transfer rates. These patterns are true of the nodel
econony as well, though the magnitudes in the CBO differ fromthose
in the nodel.

It should be kept in mnd that the procedure we used to “fit”

the data tries to match the age and tenure distribution of busi-
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nesses in the CBO survey as well as their turnover behavior

Table 5 conpares the age distribution of firnms in the CBO sanple
and the nodel econony. It also tabulates the percent of firns
that are nonfounder firns by the age of the firm The distri bu-
tions in the CBO sanpl e and the nodel econony are simlar, particu-
larly the fraction of the business population that is nonfounder

firns.

B. Turnover Probabilities and the Distribution of (u,$)

In this section we provide sone intuition for what is driving
the turnover patterns in the nodel econony that were presented in
Tabl e 4. To do this we first describe the probabilities of
turnover given (W, $), then describe how the distribution of (u, $)
changes over tine.

The turnover probabilities for the estinmted nodel econony,

that is, the probability of keeping, selling and discontinuing are

given in Table 6, along with other selected variabl es. First,
consider the probability of keeping. If a manager draws a bad
mat ch then the probability that the business is kept is zero. | f

t he busi ness manager draws a good match, the probability that the
business is kept is high, 0.904 in the case of a bad business,
0.953 in the case of a good busi ness.

Consi der next the probability of sale. I f the manager draws
a bad match then the probability of sale is higher than if a good
mat ch was dr awn. For managers with bad matches, the probability

that a business is sold is nmuch higher if the business is a good
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one (0.690 for good businesses as conpared to 0.064 for bad
busi nesses) . Recall that there was no general result regarding
how the probability of sale varied with $ given p = p,. For the
par anet er val ues of the estimated nodel econony, the probability of
sale is decisively higher for managers w th good busi nesses (0.03
for good businesses as conpared to 0.004 for bad busi nesses).

We now discuss how the distribution of match and business
qualities evolves over tine. First, consider a cohort of new
busi nesses. W are interested in describing how the distribution
of match and business qualities evolves over tinme anong the
busi nesses in this cohort that are kept by their founders. Thi s
distribution is displayed in Table 7A After the businesses are
initially started, when the businesses are age one, all the
busi nesses are still owned by their original founders. A fraction
(118) = 0.439 of these owners drew a bad match; all of these owners
therefore drew a bad business as well (recall > = 0 in the
estimated nodel paraneters in Table 2). Hence, the first two
nunbers in the first row of Table 7A are 0.439 and 0. 000. Next ,
a fraction 0.562 of the nanagers drew good matches; anong these
owners, a fraction 0.176 drew good busi nesses. Hence, a fraction
0.099 (. 0.562 § 0.176) of the managers have good natches and good
busi nesses; the renai ning portion, 0.462, have a good nmatch but a
bad busi ness. Hence, the last two nunbers in the first row are
0. 462 and 0. 099.

Al founders that draw bad matches either discontinue or sel

their businesses after the first period, hence the first two
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nunbers in the second row are 0.000 and 0.000. Anmong founders
that have a good match, those with a good business are nore |ikely
to keep the business than those with a bad one (the probabilities
of keeping are 0.953 and 0.904, respectively). Hence, in noving
fromage one to two, the fraction of good businesses in the cohort
continues to increase, from 0.099 to 0.184. The share of good
busi nesses in the cohort continues to increase over tine.
However, since the difference between 0.904 and 0.953 is “small,”
t he sel ection process works sl owy. Even by age of 20 only 0.367
percent of the remaining founders have a good business. Thi s
tabl e supports the followi ng characterization of founders firns:
Most founder firns have |ow business quality. Those founder
busi nesses that survive do so because their nanagers have high
match quality.

The story is different for firns that have been sold at | east
once (i.e., nonfounder firns). Table 7b presents the quality
di stribution for nonfounder firns by the age of the business.!
Note that in this table we are not controlling for the tenure of
t he manager. For exanpl e, anong busi nesses that are age five,
there are managers with 1, 2, ..., 4 years of tenure.

We first discuss the case of businesses that are five years
old or greater. As conpared to founder businesses of the sane

age, a relatively large fraction of the nonfounder businesses are

1“The nonfounder table does not have an entry for businesses
of age one because at the beginning of a period all nonfounder
busi nesses are necessarily tw years old or greater.
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good busi nesses. For exanpl e, of nonfounder businesses of age 10,
a fraction 0.593 (= 0.539+0. 054) are good busi nesses; the anal ogous
fraction for founder firns is only 0.255. Good businesses are
relatively nore likely to be sold than are bad businesses in the
nodel . Hence, if a business has been sold, this is an indication
of quality in the nodel.

An exception to this last point arises for the case of very

young busi nesses. To see this, consider a cohort of new business-
es. At age one, a fraction 0.439 of the new business owners have
a bad match and a bad busi nesses. Wil e any given owner with both

a bad match and a bad business has a | ow probability of selling the
busi ness (only 0.064), because there are so many such owners, a
| arge fraction of the businesses that are sold inmmediately after
startup are bad busi nesses. Hence, anong busi nesses that are age
2, a larger fraction of nonfounder businesses are of bad quality
t han are founder businesses, 0.908 (= 0.398+0.510) as conpared with
0. 816. Early sale, then, is an indication here of poor business
quality.

W are now in a position to describe the intuition for sone of
the turnover patterns inplied by the nodel. The | ast effect
above expl ai ns why busi nesses that are started and then sold right
away have high discontinuance rates. In the nodel econony
busi nesses of age 0-2 owned by nonfounders have hi gher discontinu-
ance rates than those still owned by founders (54 percent conpared
to 51 percent). This effect al so accounts for why the disconti nu-

ance of nonfounders begins to increase in tenure after a certain
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poi nt hol ding the age of the business fixed. Wen we fix the age
of the business and increase the tenure of the nonfounder owning
t he business, we decrease the age of the business at the tine of
acqui sition. Sal e of the business when the business is recently
established is a negative signal about business quality in the
nodel econony. In the nodel econony for businesses of age 13-22
owned by nonfounders, discontinuance rates start at 24 percent,
fall to 11 percent, and then increase to 19 percent.

Consider next a conparison of the first two columms of
di sconti nuance rates for the nobdel econony, that is, conpare
di sconti nuance rates for founder businesses and recently acquired
nonf ounder busi nesses (0-2 years of tenure) of the sanme business
age. For businesses that are age 3 or greater, nonfounders have
hi gher average business quality than their counterpart founder
firms of the sane age. On the other hand, the sel ection process
elimnating bad matches has not been conpleted yet for the non-
founder firnms while the process is conplete at this point for
founder firns. The di sadvantage the nonfounder firns have in
| ower average match quality nore than offsets their advantage in
hi gher business quality so that the nonfounders have higher
di sconti nuance rates than founder firnms of the sane age. For the
youngest firnms (0-2 years of age), the selection process elimnat-
ing bad matches is inconplete for both founder and the nonfounder
firms. Hence, average match quality is basically the sane for

bot h groups. But in this case the nonfounder firns have | ower
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business quality and this accounts for why they have higher
di sconti nuance rates than their founder counterparts.

Finally, it is instructive to briefly conpare nodel 1 and
nodel 2. In nodel 1, founders drawing a bad match are as likely
to start a good business as founders drawing a good match (i.e.,
>u= >, Because of this, individuals drawing bad matches and
| eaving their businesses include owners of both good and bad
busi nesses. Hence, even for the youngest firms, sold firns have
hi gher quality than firns that are kept. The result is that in
model 1 businesses of age 0-2 that have been sold have | ower
di sconti nuance rates than their founder counterparts. This is in
contrast to the pattern in the actual CBO data. Model 1 al so does
not generate the pattern that the discontinuance rate for nonfound-
ers is U shaped in tenure for businesses of a given age. Model 2
is able to match these patterns in the CBO data by taking > to

Zer o.

55



Appendi x A:

The Supply of Busi nesses

In this appendix we derive the “supply” of businesses. It
will be useful to first derive the nunber of businesses in the
steady-state equilibrium Let ny, denote the nunber of businesses
in existence at the beginning of timet with match quality p and
busi ness quality $. The nunber of businesses in periodt + 1 1is
a sinple function of the nunber of businesses in period t and the
actions of individuals as described by the policy function in
figure 1. The nunber of such businesses that are good busi nesses
($ = $) and whose owners are a good match (p = py) wth the
busi ness are
(AL) Dypca =Dby @ Mo+ A [Bop " Dyp o*Bhp * Tup, o)

The first termconsists of those businesses that were newy started
in period t. The total nunber of new firns created was e i M; a
fraction 8>, had a good match ps and good business quality $.

The second term consists of the businesses that were purchased in
time t. It equals the probability 8 that an individual draws a
good match tines the total nunber of firms of quality $, that were
sold in period t. The latter is obtained by sunm ng, over both
possible match qualities, the nunber of $, quality businesses
mul tiplied by the probability of business sale for this type of
busi ness. The formula for the other three p and $ conbi nations

are simlarly defined.
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In steady-state equilibrium the nunber of established
busi nesses in each period of type u$ grows at the rate ( (the rate
of new entry into the econony). Let n, be the (4 x 1) matrix
consisting of the nunber of businesses of each type p$. I n

st eady-state equilibrium
(A2) ny =ng §(1+Q).

Substituting (Al) (and the anal ogs of (Al) for the other three p
and $ conbinations) into (A2) yields four |inear equations in four
unknowns. For ( $ 0 we can show that for each price vector (b, by,
that there exists a unique solution n/(b,by) to these four equa-
tions.

V¢ can now cal cul ate the total nunber of businesses avail able
for sale in period t as a function of the prices (b, b,). W call
this “supply” in period t. It equals

(A3) Supply.(b. by = g; ps(bL, by § nug (b, by .
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Appendi x B

The purpose of this appendix is to present a proof for the
inequalities stated in equation (4.2) in the text, that is, X,g <
Xps. < Xus, < Xus.

Before presenting the proof, we state and prove a rather
| engt hy | emma. To sinmplify notation we drop the p and $ in
subscri pts. In this appendix the first subscript denotes match

gquality and the second denotes business quality. For exanple, Xy

- AXuHSBL-
LEMA. Assune 0 < 8¢ < 1 and Y, < M Assunme b, and b, satisfy:
(Bl) by =Db. + $, ! $ + (118y) *[EvyBv ] + B&*[Evi!Evy].

Then Evy, ' Evy > Ev, ! BEv,.

The condition (Bl1) on b, and b, inposed by the lema is
condition (ii) in the definition of equilibriumthat individuals
buyi ng businesses be indifferent between $ and $,. The | emma
states that if this condition holds then the value function for an
i ndi vidual has a certain property. This property is given by
condition (4.1) in Section 4.

In order to prove this lemma, it wll be useful to first prove
a simlar lenmma for an individual that faces a decision problem
that lasts a finite nunber of periods, say T periods, rather than
the infinite horizon studied in the text. The lenma for the
finite horizon will take the sanme form given a certain condition

on prices, the value function has certain properties. Let us
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briefly set up the finite horizon decision problembefore stating
the finite period version of the |enma.

So consider an individual that faces the same choices as an
individual in the text except that the person's horizon lasts only
T peri ods. At the T'th period in that person's life, the person
must either sell or discontinue the business (if the person is
still in the business). G ven a sequence of prices for businesses
(that may depend on tine), we define v§,(x,y) to be the maxim zed
di scounted return to the individual from picking action a, a O
{KS D}, at tinet 0{0,1,..., T} and let v, .(X,y) be the nmaxi num
val ue of these three choices. These are the value functions for
the finite horizon problem

The condition that will be assunmed for prices is as foll ows.

Let the price of a bad business be a constant equal to b, for all

t. W define the sequence of prices for a good business recursi-
vel y. In this construction, wi thout |oss of generality, we set w
= 0. Let byt = b, Now vg +(X,y) = bg + y and vg.(x,y) = 0.

The individual cannot keep the business at t = T so vyg = max{Vvg r-

(X, ¥),van}. For t < T, define these objects recursively by

(B2) by, = b + $p ! S+ (118 *[ EVig BV il + B BV e "EVi ]
(83) V;ﬁ,t(X,Y) = M + $ + X+ y + EVu$,t+1’
(B4) v3 . (x,Y)

(B5) vg.:(x,y) =0,

bs: + Y,

(BSN) Vu$,t = miXsV;ﬁ,t(X, Y) ) VS;,I(X, Y) ) V@,t(x, Y) g-
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W are now in a position to state the finite horizon version

of the | enmm.

LEMVA. (Finite Horizon). Assume 0 < 8y < 1 and M. < Mg
Assune the horizon is T periods. Assune b, is constant and that
by, satisfies (B2). Then Evyy, ' BEvyp o > BEvpye ! By, t < T
PROCF. The first step of the proof is to show that the val ue

functions satisfy a weak inequality, that is, (B6) below. The
second step is to show that they satisfy the strong inequality,

that is, (B14) bel ow

Step 1.

Turning to the first step then, we want to show t hat
(B6) Eviy, " Evyy $ BEviye ! Bvyy, t # T.

Since by = Db, the LHS and RHS of (B6) are both zero so (B6) holds
for t = T. So we now suppose (B6) is true for t + 1 and show it
is true for t. In order to do this, it is sufficient to show that

(B7) holds at each point (x,y), that is,

(B7) Vi (X,y) 1 vy (X, y) $ vig (X, y) ¥ vy (X y).

Let a5 (X,y) be the optinmal action given p, $ t, x, andy
and let %, and ys, be the corresponding cutoffs. The point X,

solves v (x,y) = vg.(x,y), or
(B8) Xust = bgy ' U 1 &1 Evig .

It is imediate from (B8) that Xy < %X, for either $. Usi ng

(B8) we have
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(B9) Xpye ! KXo = by P b P (S8) ! [EViy i "BV ]

But now note that the definition of by, in (B2) and the fact that
(B6) holds by assunption for t + 1 then inplies that (B9) is
nonpositive, i.e., Xy # Xy - An anal ogous argunent shows X,
$ X« (Note that it is precisely these inequalities that it is
our ultimate objective to prove hold for the infinite horizon
case.) W now show that these inequalities inply that (B7) hol ds
at each point (x,y).

There are two cases:

Case 1. X # Kyt

At such an x, au(x,y) .. K We have shown that X, # Xy
for all p and $. Hence a, (Xx,y) .. Kfor all p and $. Si nce no
type is keeping (where we refer to a (4, $) pair as a type), payoffs
at this (x,y) are independent of . This inplies condition (B7)

holds with equality.

Case 2. X > Ky

I f a4 (X,y) = Dat this point (x,y) all the other types also
di scontinue so that the LHS and RHS of (B7) are both zero so that
(B7) hol ds. So now assune that y is high enough so that ay (X,Yy)
= K W consi der three subcases.

Subcase (i) ay ((X,y) = K This inplies
(B10) Vir (X ) P v (X y) = 80 U S + BV BVl
Suppose a,(Xx,y) = K Then, since v, (x,y) # Vv (X,y),

(B11) Vi (X, y) v (x,y) # S ! B+ F[ EVibe+1 TEVL 1] -
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Since (B6) holds for t + 1, (B10) and (B1l1l) inply that (B7) holds.

Suppose a,(X,y) = S Then since v (Xx,y) # v (X, y),
(B12) Vi (X y) P v (X y) # by ¥ b

But then the definition of by, in (B2) and the fact that (B6) holds
for t + 1 together inply that (B7) holds.

Then final possibility is ay(x,y) = D. In this case the RHS
of (B7) is zero. So the inequality hol ds.

Subcase (ii) ay ((Xx,y) = S

Since X, . > Xy since Xy, $ X, and since y . $ yy,, a
wi(x,y) = S and ay(x,y) = S Since vy (X, y) $ Via(Xx,y), to

prove inequality (B7) holds it is sufficient to prove

(B13) Vi (X0Y) P VAL(XY) 8 ViR (X y) T VE (X, ),

whi ch hol ds since both sides equal by, ! b..
Subcase (iii) ay (x,y) = D.
In this case a; (X,y) = Dso vy (X,y) = Vi (X,y). So (B7)

holds if vy (X, y) $ vy (X,y) which is imediate.

W have now conpl et ed each case and each subcase. Therefore
condition (B7) holds at each point (x,y). This inplies (B6)
hol ds.

Step 2.

We now show a strict inequality holds for eacht < T, i.e.,

(B14) Eviie ' BEvyy > BEvpy 1 Bvy gy, t <T.

Since the weak inequality in (B7) holds at each point (x,y),

it is sufficient to showthat a strict inequality holds for a set
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of (x,y) that is not neasure zero. We showed above that for t <
T Yo # Xo < Xeoo # Xy Note al so that y,, < y,. For x just
greater than %, and y just greater than y,,, all types choose D
except HH. For x and y in this region the strict inequality holds

for (B7). This proves that (Bl14) holds. O

This conpletes the proof for the version of the | emma where
the individual faces a finite horizon. Taking the objects v
us.t(X,y) and by, from this lemm, and using standard dynamc
programm ng argunents shows that these objects converge (as t goes
to mnus infinity) to their infinite horizon analogs that are
stated in the original |enma.

Wth the original lemma for the infinite horizon problemin

hand, we are nowin a position to state the main proposition.
PROPCSI TI ON. Assune that 0 < 8¢ <1, M < My and $ < $,. Assune
that b, and b, satisfy (Bl) above. Then

(B15) K < Xy < XL < X

PROOF. Recal | that ', solves vg(x,y) = vi(x,y). Usi ng the

definitions for vgx,y) and vg(x,y) in the text and solving for %

yi el ds

(B16) X5 = bg + 1‘_”6 I T B VA

It follows imMmediately that %, < %. W now show that Xy < Xg.

W can wite

(Bl?) AXHH ! AXHL = [bH!$H!*EVHH] ! [bL!$L!*EVHL] .
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This is negative if and only if
(B18) by ' b, < $;, ! $ + *(EvlEvy,].
But from (Bl),
(B19) by ' b, = $, 1 $ + (118y) *[EvV ,1Ev, ] + 8*[Ev.!Evy].

From the I emma we know that Evy,, ' Evy, > BEv, ' Ev. This fact
along with 8 < 1 and equation (B19) inply that (B18) hol ds which
proves that Xy < Xy. A parallel argunent proves that %, < X

O
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Appendi x C

PRoPCS! TI O\ Assune the hazard function g(y)/(1 ' y)) is strictly
increasing in vy. Assunme Y, = Mg If pi 0o (0,1), then pr($ =
$ps, a = S) > pr($ = ps. a = K.

PROCF. Since pis constant, the cutoff %, will depend only on $.
Let %,  denote the cutoff for $ and %, the cutoff for $, W first
show that %, = % To see this, recall that %g is the point where
vix,y) = vdx,y). From equations (3.2) and (3.3) in the text,
this equality yields $ + x + y + *Evg = bg + . Canceling y from
both sides yields Xg = bg ' $ 1 *Ev, But then equation (3.6) from
the text inplies that % = %, Henceforth denote this conmon
cutof f as x.

Usi ng Bayes rule to calculate pr($ = $;:p5 a,), we need to show

S . .H K . H
(Cl) S HpH Spo H > K HpH Kpo H
Py " Py * Pr - (1-pp) Py " P * P (1-pp)
where pg denotes the probability of action a given $. But this

holds if and only if pg/pg < p/pf or equivalently, if and only if
the ratio pfpiis higher for $, than for $. This ratio equals

D; _ F(R - [1- G(Fy)]
Dy [TE()  [1- G(gyrkx)] - dx

Straightforward cal cul ations reveal that (C2) is strictly increas-
ing in y if the hazard rate condition on ) holds. This com

pletes the proof since yg < ys.
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Table 1

Cr osst abul ati ons

1982 Characteristics of Business Oamers Survey
Nonmi nority Mal es

A Cell Counts by Age of Business, Tenure of Manager, and

Founder/ Nonf ounder St at us

Nonf ounder s

Tenure of Manager (years)

Age of Busi ness Founders 0O 1-2 3- 7-1 13-2 23+
(years) 6 2 2
0 2,147 60
1-2 2,909 56 108
3-6 2,967 40 117 11
6
7-12 2,043 29 77 98 73
13-22 1,515 31 70 10 106 75
6
23 and over 1,463 93 208 29 292 344 303
1
B. Percent D sconti nued
Nonf ounder s
Tenure of Manager
(years)
Age of Busi ness Founders 0- 3-6 7-1 13-2 23+
(years) 2 2 2
0-2 46 59
3-6 26 38 33
7-12 20 25 17 26
13-22 22 25 19 9 19
23 and over 26 20 13 10 16 20
C. Percent Sol d
Nonf ounder s
Tenure of Manager
(years)
Age of Busi ness Founders 0- 3 or
(years) 2 nor e




2
6
7-12
13-22
23 and over

0—
3—

A A WWW

15
15
16
15

14

12




Table 2

Par amet er Esti mates
(estimated standard errors in parentheses)

Model 1 Model 2 Model 3
8 = 8¢ 8 = 8¢ B\ 8¢
Par anet er > = > > > > >y
F, 0.93 1.61 1.00
(0.08) (0.11) (0.11)
. 110. 99 14 14
(2.66) * *
My 0. 30 0.23 0.31
(0.01) (0.02) (0.02)
$, 0.29 0. 47 0.28
(0.02) (0.02) (0.03)
( 0.012 0. 020 0.018
(0.002) (0.001) (0.001)
8\ 0. 59 0. 56 0. 65
(0.01) (0.01) (0.02)
8: 0.59 0. 56 0.52
(0.01) (0.01) (0.05)
> 0. 037 0.18 0.14
(0. 005) (0.01) (0.01)
>0 0. 037 0. 000 0. 00
(0. 005) (0.003) (0.004)
Summary Statistics
-Log(li kel i hood) 49, 867 49, 704 49, 677
SAD
(sum of absol ute devi a- 0. 220 0. 180 0. 187
tions
= 3Lpi(1) ! P
MSE (nmean squared errors
= 1/81 3% *p;(1) ! P;*?) 2.9x1015 1.9x1015  2.1x10!5
V[ p; dat a] 68. 6x1015 68.6x1015 68. 6x10-
= 1/813%,*P, 11/ 81* 15
MSE/ V[ p; dat a] 0. 043 0. 028 0. 031

*See footnote 8 in the text for a discussion of the distribution of this
esti mat e.



Tabl e 3

Paraneter Estimates for Alternative Subsets of the Data

3 4 5 6
1 2 Proprietors Recei pts Service Al
Al Propri-  Working Full Above s and O her
Fi rmns etors Ti me $5000 Ret ai | | ndus-
tries
F, 1.61 1.25 0. 82 0. 95 1.59 1.78
Hy 14 14 14 18. 36 14 14
My 0.23 0. 26 0. 37 0.43 0.18 0. 27
$ 0. 47 0. 40 0.23 0.21 0.52 0. 46
( 0. 020 0. 016 0. 013 0.021 0. 017 0. 023
8 0. 56 0.53 0.61 0. 69 0.53 0. 60
> 0. 18 0.14 0. 15 0. 16 0. 20 0. 15
> 0. 00 0. 00 0. 00 0. 00 0. 00 0. 00
Nunmber of 15,737 13,972 8,929 10, 611 8,124 7,613

hservati ons




Tabl e 4

Conpari son of Turnover Rates in the CBO Survey and the Model

Econony
CBO Dat a
Di sconti nuance Rates Sal e Rates
Nonf ounder s Nonf oun-
ders
Tenure of Manager Tenure
(years)
Age of Busi -
ness Found- 0-2 3- 7-1 13-2 23+ Foun- 0O- 3+
(years) ers 6 2 2 der 2
0-2 46 59 3 7
3-6 26 38 33 3 15 8
7-12 20 25 17 26 3 15 14
13-22 22 25 19 9 19 4 16 9
23 and over 26 20 13 10 16 20 4 15 12

Model Econony

Di sconti nuance Rates Sal e Rates
Nonf ounder s Nonf oun-
ders
Tenure of Manager Tenure
(years)
Age of Busi -
ness Founder 0- 3—- 7-1 13-2 23+ Foun- 0O- 3+
(years) S 2 6 2 2 der 2
0-2 51 54 2 5
3-6 27 30 27 3 14 3
7-12 26 27 16 24 3 20 5
13-22 24 24 11 13 19 4 22 7
23 and over 19 22 9 9 9 10 6 24 9




Table 5
Conparison of Distribution of

Busi nesses in
CBO Survey and Model Econony

Age Distribution (Percent in each
age category)

Age of Busi ness CBO Mod-
(years) el

0-2 34 31
3-6 21 20
7-12 15 18
13-22 12 15
23 and over 19 16

Fraction of Business Popul ation
that are
Nonf ounder Busi nesses by Age of
Busi ness

Age of Busi ness CBO Mode
(years) I
0-2 4 3
3-6 8 7
7-12 12 11
13-22 20 20

23 and over 51 52




Equi i brium Levels of Sel ected Vari

Tabl e 6

ables in the Mdel

o »n

'O'O'Oxx>‘<>cr

0.000 0.000
0.064 0.690
0.936 0.310

Bad Mat ch Good Mat ch
(L =p) (L=
Bad Good Bad Good
Busi ne Busi ne Busi - Busi ne
ss ($ ss ($ ness ss ($
= $) = $) ($=- =89
$)
s 12. 4 0.8 12. 4 0.8
2.4 10. 8 2.4 10. 8
4 4 115. 7 117. 1

0. 904 0. 953
0. 004 0. 030
0. 092 0. 017




Tabl e 7a

Distribution of Qualities Anbong Founder Busi nesses
By Age of Business

Bad Mat ch Good Mat ch
(L =p) (1 =y
Bad Good Bad Good
Busi ne Busi ne Busi - Busi ne
Age of Business ss ($ ss (9 ness ss ($
= $) = $) ($=- =89
$)
1 0. 439 0. 000 0. 462 0. 099
2 0. 000 0. 000 0. 816 0. 184
3 0. 000 0. 000 0. 808 0.192
5 0. 000 0. 000 0.791 0. 209
10 0. 000 0. 000 0. 745 0. 255
20 0. 000 0. 000 0. 633 0. 367
Table 7b

Distribution of Qualities Among Nonfounder Busi nesses

By Age of Business

Bad Mat ch Good Mat ch
(L =p) (K =y
Bad Good Bad Good
Busi ne Busi ne Busi - Busi ne
Age of Business ss ($ ss ($ ness ss ($
= $) = $) ($=- =89
$)

2 0. 398 0. 040 0. 510 0. 051
3 0. 047 0.073 0.718 0. 163
5 0. 024 0. 069 0. 598 0. 309
10 0. 013 0. 054 0. 395 0. 539
20 0. 004 0. 040 0.190 0. 766
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Figure 2
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